Abstract. We prove an inequality relating the number of nontrivial invariant factors of n × n matrices A and B, with those of AB, and get some results on the cases of equality. In particular, we characterize the similarity classes, A and B, with all eigenvalues in the base field, such that AB is nilpotent for some A ∈ A and B ∈ B.
Introduction
This paper is about matrices over an arbitrary field F. We denote byF its algebraic closure, and by F * the set of nonzero elements of F. We shall consider polynomials from the polynomial ring F [x] . The script letters A and B represent n × n similarity classes. So, if A ∈ A, then A is an n × n matrix over F and A is the set of all matrices over F similar to A. As R * is invariant under similarity, we define R * (A), for any class A, in the obvious way.
In recent literature, the problem of relating the similarity classes of two matrices with the similarity class of their product has received some attention.
Those problems are, in general, of a very high degree of difficulty. In our references, we indicate some papers on that subject; for more information and related problems we send the reader to the references in [?] .
In [?], the following theorem has been proved in the case A and B are nonsingular.
Theorem 1.1 For any A ∈ A and B ∈ B, we have:
Proof. We give the following sketch of proof with no further ado: 
An interesting problem is the characterization of the similarity classes for We obtain partial results on these problems. In particular, we solve Problem I when all eigenvalues of A and B lie in F, and solve Problem II over algebraically closed fields.
Results on Problem I
As i * (X) = 0 iff X is nilpotent, Problem II consists in the characterization of A and B, for which there exist A ∈ A and B ∈ B such that AB is nilpotent. Clearly, if AB is nilpotent, then either A or B is singular, and
n , by inequality (??). We conjecture that the converse is true with a tiny exception. More precisely, we state 
Conjecture 2.1 Given two n × n similarity classes A and B over F, there exist A ∈ A and B ∈ B such that AB is nilpotent, if and only if one of
for 1 i n − 1 (with the convention α n+1 := 0). Note that α 1 = 1 and the degree of α n , call it a, satisfies a 2, because A is nonscalar. Now let z be the largest i < n such that α i is not a multiple of x (recall: our polynomials are taken from F[x]).
α n−1 , and n−2 (the 'n−2' comes from the fact that A has at least two zero eigenvalues).
Therefore u n + 2 − 2n/d. For n 3, the function f (x) := n + 2 − 2n/x is strictly concave for x > 0, and satifies f (2) = 2, f (n) = n; we thus have
From this we get u d. So the invariant factor x − a occurs in A at least d times. Accordingly, we choose A ∈ A and B ∈ B of the form
where A To prove Theorem ?? we need a lemma where the following notation is used.
Let f 1 |f 2 | · · · |f r and g 1 |g 2 | · · · |ga s be the nontrivial invariant factors of A and B, respectively. We consider A ∈ A and B ∈ B in companion normal form:
Here, C(ϕ) is any companion matrix of polynomial ϕ (in fact, we only need C(ϕ) to be nonderogatory, with characteristic polynomial ϕ). 
If one of the inequalities is strict, we have ( 
